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1. Introduction
Let Qk,n be the set of strictly increasing sequences of k natural numbers chosen from 〈n〉 =:{1, . . . , n}. Then A[α|β] denotes the submatrix of A with rows and columns indexed by α ∈ Qk,n
and β ∈ Qk,n respectively; A(α|β) is the submatrix obtained from A by deleting rows and columns
indexed by α and β respectively; A(α|β] is the submatrix of A which rows are complementary to α
and its columns are indexed by β; similar for A[α|β). The principal submatrix A[α|α] (or A(α|α)) is
abbreviated to A[α] (or A(α)).
For a given r ∈ 〈n〉, a vector  = (i) ∈ Rr is called a signature sequence if |i| = 1, i ∈ 〈r〉. The
matrix A is called sign regular (strictly sign regular) with signature  if k det A[α|β]  0(> 0) for all
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α, β ∈ Qk,n with any k ∈ 〈n〉. In particular, if all k = 1, then A is totally nonnegative (denote the
set by Tn); if all k = −1, then A is totally nonpositive. Sign regular matrices has applications in many
fields such as approximation theory, statistics and economics [9]. Many researchers have investigated
totally nonnegative, totally nonpositive and sign regular matrices, see [1–10].
Ann×nmatrixA is calledm-banded (m < n) if aij = 0 for all |i−j| > m. For example,whenm = 0,
A is diagonal; when m = 1, A is tridiagonal. Sign regular matrices have many interesting properties
because of their sign structures, see [4,5,7,8]. Unfortunately, simple transformations, e.g., permutation
similarity, may change or even destroy the sign structure of a sign regular matrix. Nevertheless, it is
interesting to find out that Rainey and Habetler [10] provided a tridiagonal factorization of a totally
nonnegative matrix that can preserve its sign structure as shown by the following theorem.
Theorem 1 [10]. Suppose A ∈ Tn is nonsingular. Then there exists a nonsingular matrix S ∈ Tn such that
T = S−1AS ∈ Tn is tridiagonal.
Motivatedby theabove result of RaineyandHabetler, oneof themaingoals of this paper is toprovide
some factorizations of sign regularmatrices that canpreserve their sign structures. Thepresentpaper is
organized as follows. In Section 2, some sign structures are given for sign regularmatrices according to
their zero-nonzero patterns. The main results are presented in Section 3. We provide somem-banded
factorizations of certain sign regular matrices that preserve their sign structures. In particular, it is
shown that if a nonsingular matrix A ∈ Rn×n is sign regular with signature  = (i) which satisfies
that
2 = 21 , 3 = 31 , . . . , n−m = n−m1 (m > 0),
i.e., the first n − m ’s are alternating if 1 = −1, then there exists a nonsingular matrix S ∈ Tn such
that M = S−1AS is an m-banded sign regular matrix with signature , and thus the result of Rainey
and Habetler is just corresponding to our results in the special case 1 = 1 andm = 1 (see Corollary
10). In Section 4, by using these obtained results of Section 3, some eigenvalue interlacing properties
and majorization relations are given for certain sign regular matrices.
2. Sign structures of sign regular matrices
First let us mention a simple fact. Let A = (aij) ∈ R2×2 be a nonsingular sign regular matrix
with signature  = (1, 2). If a21 = 0, then we must have  = (1, 1) or  = (−1, 1). Therefore,
it is natural to ask the following question: What are the possible sign structures of a sign regular
matrix A if some entries of A are zero? In this section, we present some sign structures of sign regular
matrices according to their zero-nonzero patterns. Some notations are needed as follows. The Schur
complement of A[α|β] in A is
A/A[α|β] = A(α|β) − A(α|β](A[α|β])−1A[α|β)
provided A[α|β] is nonsingular. Suppose S(k)n = diag(xi) ∈ Rn×n is diagonal where
xi =
⎧⎨
⎩−1 if i  k,1 otherwise.
Lemma 2 [7]. Suppose A ∈ Rn×n is sign regular with signature  = (i). If A[α|β] is nonsingular for
α = (αi), β = (βi) ∈ Qt,n with t < n, then(
S
(αt−t)
n−t · · · S(α1−1)n−t
)
(A/A[α|β])
(
S
(β1−1)
n−t · · · S(βt−t)n−t
)
is sign regular with signature (
t+1
t
, . . . , n
t
). In particular, if 〈n〉\α is an index set consisting of consecutive
integers, then A/A[α] is sign regular with signature ( t+1
t
, . . . , n
t
).
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Lemma 3. Suppose A = (aij) ∈ Rn×n is a nonsingular sign regular matrix with signature  = (i)where
2 = 1. Set akl = 0 for some 1  k, l  n. Then k = l. Moreover, A[k, . . . , n|1, . . . , l] = 0 for k > l; or
A[1, . . . , k|l, . . . , n] = 0 for k < l.
Proof. Suppose akl = 0 for some 1  k, l  n. Since A is nonsingular, there exists t = l such that
akt = 0. Now we need to consider the following two cases.
• The case t<l. For all 1ik, if i=k, obviously ail=0; if i<k, then it follows by the fact 2 = 1 that
detA[i, k|t, l] = −ailakt  0 ⇒ ail = 0.
Now we may assume that there exists h > k such that ahl = 0. Then for all l  j  n, if j = l,
obviously akj = 0; if j > l, then
detA[k, h|l, j] = −akjahl  0 ⇒ akj = 0.
If 1  i < k and l < j  n, then it follows that
det A[i, k|t, j] = −aijakt  0 ⇒ aij = 0.
Thus we have A[1, . . . , k|l, . . . , n] = 0. It remains to show k < l. If k  l, then it is not difficult
to see that detA = 0, a contradiction.
• The case t>l. For all k i n, if i= k, obviously ail = 0; if i>k, then it follows by the fact
2 = 1 that
detA[k, i|l, t] = −ailakt  0 ⇒ ail = 0.
Now we may assume that there exists h < k such that ahl = 0. Then for all 1  j  l, if j = l,
obviously akj = 0; if j < l, then
detA[h, k|j, l] = −akjahl  0 ⇒ akj = 0.
If k < i  n and 1  j < l, then it follows that
det A[k, i|j, t] = −aijakt  0 ⇒ aij = 0.
Thus we have A[k, . . . , n|1, . . . , l] = 0. It remains to show k > l. If k  l, then it is not difficult
to see that detA = 0, a contradiction. 
Let Pn = (pij)∈Rn×n be the permutation matrix with pij = 1 if i + j= n + 1 and 0 otherwise.
Obviously, Pn is sign regular with signature (1,−1,−1, 1, 1, . . . ). Simply write P for Pn if there is no
ambiguity. Denote by k/2 the integral part of k/2. FromLemma3we immediately have the following
result.
Corollary 4. Suppose A = (aij) ∈ Rn×n is a nonsingular sign regular matrix with signature  = (i). Set
an1 = 0. Then 2 = 1.
Proof. If 2 = −1, then it is not difficult to see that A′ = PA = (a′ij) is a nonsingular sign regular
matrix with signature ′ = (′i ), where a′11 = an1 = 0 and ′2 = 1, a contradiction by Lemma 3. So
2 = 1. 
Theorem 5. Suppose A = (aij) ∈ Rn×n is a nonsingular sign regular matrix with signature  = (i). Set
ast = 0 for some 1  s, t  n. Then the signature sequence  satisfies that
2 = 21 , 3 = 31 , . . . , n−r+1 = n−r+11
where r = |s − t|; or
2 = (−1)21 , 3 = (−1)3/231 , . . . , n−m+1 = (−1)(n−m+1)/2n−m+11
where m = |s + t − n − 1|.
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Proof. Since |2| = 1,wefirst assume that 2 = 1. SinceA is nonsingular, by Lemma3wehave aii = 0
for all i. Thus, 1  r = |s − t|  n− 1. When r = n− 1, obviously 2 = 1 = 21 and there is nothing
to prove. Hence, we next use induction on the order n of A to prove the theorem for 1  r < n − 1.
Without loss of generality, let s > t. The cases n = 1, 2 are trivial. Now assume that the theorem is
true for the orders less than n. Then there are the following two cases that we need to consider.
• The case t > 1. So s > 1. Set B = A/a11 = (bij). Obviously B is nonsingular. Moreover,
using Lemma 2 we have that B is sign regular with signature ′ = (′i ) = ( 21 , . . . , n1 ). Since
A[s, . . . , n|1, . . . , t] = 0 by Lemma 3, it follows that
bi−1,j−1 = aij − ai1a1j
a11
= 0 for all 2  j  t, s  i  n. (1)
Thus it is easy to show by (1) and Corollary 4 that ′2 = 1. Notice that bs−1,t−1 = 0 with
r = (s− 1)− (t − 1). Since ′1 = 21 = 1, by applying the induction assumption to B, we have
′2 =
3
1
= 21 , . . . , ′(n−1)−r+1 =
n−r+1
1
= (n−1)−r+11 .
Hence, we get that 2 = 21 , 3 = 31 , . . . , n−r+1 = n−r+11 .• The case t = 1. Since r < n − 1, we have s  n − 1. Set B = A/ann = (bij). Obviously B
is nonsingular. Moreover, using Lemma 2 we have that B is sign regular with signature ′ =
(′i ) = ( 21 , . . . , n1 ). Since A[s, . . . , n|1] = 0 by Lemma 3, it follows that
bi1 = ai1 − ainan1
ann
= 0 for all s  i  n − 1. (2)
Thus it is easy to show by (2) and Corollary 4 that ′2 = 1. Notice that bs1 = 0 with r = s − 1.
Since ′1 = 21 = 1, by applying the induction assumption to B, we have
′2 =
3
1
= 21 , . . . , ′(n−1)−r+1 =
n−r+1
1
= (n−1)−r+11 .
Hence, we get that 2 = 21 , 3 = 31 , . . . , n−r+1 = n−r+11 .
For the case 2 = −1, let A′ = AP = (a′ij). By Cauchy-Binet formula, it is not difficult to see that A′
is sign regular with signature ′ = (′i ) where ′i = (−1)i/2i for all i. Thus, ′1 = 1 and ′2 = 1.
Notice that a′s,n−t+1 = ast = 0 with |s − (n − t + 1)| = m. Therefore, applying the above argument
to A′, we have
′1 = 1, ′2 = 21 , . . . , ′n−m+1 = n−m+11
and thus 2 = (−1)21 , . . . , n−m+1 = (−1)(n−m+1)/2n−m+11 . 
Corollary 6. If anm-banded (m < n)matrix A ∈ Rn×n is a nonsingular sign regularmatrixwith signature
 = (i), then 2 = 21 , 3 = 31 , . . . , n−m = n−m1 .
Proof. Set A = (aij). Then aij = 0 for all |i − j| > m. According to Corollary 4, we must have 2 = 1.
Thus, using Theorem 5 we get that 2 = 21 , 3 = 31 , . . . , n−m = n−m1 . 
We call a matrix A anti-m-banded if AP ism-banded.
Corollary 7. If an anti-m-banded matrix A ∈ Rn×n is a nonsingular sign regular matrix with signature
 = (i), then 2 = (−1)21 , . . . , n−m = (−1)(n−m)/2n−m1 .
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3. Factorizations that preserve sign structures
In this section, we present some factorizations of certain sign regular matrices that can preserve
their sign structures. For any α = (α1, . . . , αk) ∈ Qk,n, define
d(α) :=
k−1∑
i=1
(αi+1 − αi − 1) = αk − α1 − (k − 1)
with the convention d(α) = 0 for α ∈ Q1,n. Thus d(α) = 0 means that α consists of k consecutive
integers. We remark that if A is an m-banded sign regular matrix with signature , then PAP is also
an m-banded sign regular matrix with the same signature . Denote by Ej(x) the elementary matrix
obtained from In by changing the (j, j − 1)th entry to x.
Lemma 8 [1, Theorem 2.1]. Suppose A ∈ Rn×n is nonsingular. Then A is sign regular with signature
 = (i) if and only if for any k ∈ 〈n〉, kdetA[α|β]  0 for all α, β ∈ Qk,n where d(α) = 0.
Theorem 9. Suppose A ∈ Rn×n is a nonsingular sign regular matrix with signature  = (i) which
satisfies that
2 = 21 , 3 = 31 , . . . , n−m = n−m1 (m > 0).
Then there exists a nonsingular matrix S ∈ Tn such that M = S−1AS is an m-banded sign regular matrix
with signature .
Proof. To prove the theorem, we first show that there exists a unit lower triangular matrix L =
diag (Im, L˜) ∈ Tn such that
B = L−1AL = (bij)
is sign regular with signature , where bij = 0 for all i − j > m. First we eliminate the nonzero
entries in the (m + 2, 1), . . . , (n − 1, 1), (n, 1) positions of A. Notice that 2 = 1. If am+2,1 = 0, by
Lemma 3, then ai1 = 0 for all m + 3  i  n, and so there is nothing to do. Thus, assume that for
m + 2  r  n,
a11 = 0, a21 = 0, . . . , ar1 = 0, and ar+1,1 = · · · = an1 = 0.
Set
L1 = Er
(
ar,1
ar−1,1
)
· · · Em+2
(
am+2,1
am+1,1
)
= diag(Im, L˜1).
Then L1 ∈ Tn is a unit lower triangular matrix such that B1 = L−11 A = (b(1)ij ) satisfies that
b
(1)
m+2,1 = · · · = b(1)n1 = 0.
Now it is to show that B1 is sign regular with signature . Set α = (αi), β = (βi) ∈ Qk,n for any
k ∈ 〈n〉 where d(α) = 0.
• If k  n − m, then α1  m + 1. Thus
k det B1[α|β] = kdet(L−11 A)[α|β]
= k
∑
ω∈Qk,n
detL
−1
1 [α|ω]detA[ω|β]
= k det A[α|β]  0.
• If k < n − m, then we need to consider the following two cases.
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(a) The case α1  m + 1. Using the above argument, we have k det B1[α|β]  0.
(b) The case α1  m + 2. When β1 = 1, we have B1[α|β1] = 0, and so det B1[α|β] = 0. Set
β1 = 1. Notice that 1  k  n − m − 1. So k = k1. Thus, if aα1−1,1 = 0, then
k det B1[α|β] = k1 det B1[α|β] =
k+11 detA[{α1 − 1} ∪ α|{1} ∪ β]
1 · aα1−1,1
 0;
if aα1−1,1 = 0, by Lemma 3, then aα1,1 = · · · = an1 = 0 which implies that B1[α|β] =
A[α|β], and so
k det B1[α|β] = kdetA[α|β]  0.
Therefore, we conclude by using Lemma 8 that B1 is sign regular with signature . Notice thatm > 0.
Since L1 ∈ Tn, it is not difficult to see that
A1 = B1L1 = L−11 AL1 =
(
a
(1)
ij
)
is a nonsingular sign regular matrix with signature , where a
(1)
i1 = 0 for i − 1 > m.
Next we eliminate the nonzero entries in the (m + 3, 2), . . . , (n − 1, 2), (n, 2) positions of A1.
Observe that A1 is sign regular with signature . If a
(1)
m+3,2 = 0, by Lemma 3, then a(1)i2 = 0 for all
m + 4  i  n, and so there is nothing to do. Thus we assume that form + 3  r  n,
a
(1)
22 = 0, a(1)32 = 0, . . . , a(1)r2 = 0 and a(1)r+1,2 = · · · = a(1)n2 = 0.
Set
L2 = Er
⎛
⎝ a(1)r,2
a
(1)
r−1,2
⎞
⎠ · · · Em+3
⎛
⎝a(1)m+3,2
a
(1)
m+2,2
⎞
⎠ = diag(Im+1, L˜2).
Then L2 ∈ Tn is a unit lower triangular matrix such that B2 = L−12 A1 = (b(2)ij ) satisfies
b
(2)
m+2,1 = · · · = b(2)n1 = 0 and b(2)m+3,2 = · · · = b(2)n2 = 0.
Now it is to show that B2 is sign regular with signature . Set α = (αi), β = (βi) ∈ Qk,n for any
k ∈ 〈n〉 where d(α) = 0.
• If k  n − m − 1, then α1  m + 2. Thus
k det B2[α|β] = kdet(L−12 A1)[α|β]
= k
∑
ω∈Qk,n
detL
−1
2 [α|ω]detA1[ω|β]
= kdetA1[α|β]  0.
• If k < n − m − 1, then we need to consider the following two cases.
(a) The case α1  m + 2. By the above argument, k det B2[α|β]  0.
(b) The case α1  m + 3. When β1 = 1 or 2, we have B2[α|β1] = 0, and so det B2[α|β] = 0.
Set β1 = 1, 2. Notice that 1  k  n − m − 2. So k = k1. Thus, if a(1)α1−1,2 = 0, then
k det B2[α|β] = k1 det B2[α|β] =
k+11 detA1[{α1 − 1} ∪ α|{2} ∪ β]
1 · a(1)α1−1,2
 0;
if a
(1)
α1−1,2 = 0, by Lemma 3, then a(1)α1,2 = · · · = a(1)n2 = 0 which implies that B2[α|β] =
A1[α|β], and so
k det B2[α|β] = kdetA1[α|β]  0.
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Therefore, using Lemma 8 we conclude that B2 is sign regular with signature . Since L2 ∈ Tn, it is not
difficult to see that
A2 = B2L2 = (L1L2)−1A(L1L2) =
(
a
(2)
ij
)
is a nonsingular sign regular matrix with signature , where a
(2)
ij = 0 for j = 1, 2 and i − j > m.
Hence, by repeating these procedures, we finally get a unit lower triangularmatrix L = diag (Im, L˜)∈ Tn such that
B = L−1AL = (bij)
is a nonsingular sign regular matrix with signature , where bij = 0 for all i − j > m.
Set D = PBP = (dij). Then D is a nonsingular sign regular matrix with signature , where dij = 0
for all j − i > m. According to the above argument, there exists a unit lower triangular matrix
K = diag(Im, K˜) ∈ Tn such that
E = K−1DK = (eij)
is sign regular with signature , where eij = 0 for all i − j > m. Thus, it is not difficult to see that
E is an m-banded sign regular matrix with signature . Let S = LPKP. Then S ∈ Tn since L ∈ Tn and
PKP ∈ Tn. Therefore,
M = PEP = S−1AS
is anm-banded sign regular matrix with signature . 
From Theorem 9, we immediately have the following results.
Corollary 10. Suppose A ∈ Rn×n is a nonsingular sign regular matrix with signature  = (i) which
satisfies that
2 = 21 , 3 = 31 , . . . , n−1 = n−11 .
Then there exists a nonsingular matrix S ∈ Tn such that T = S−1AS is a tridiagonal sign regular matrix
with signature . In particular, if A ∈ Tn is nonsingular, then there exists a nonsingular matrix S ∈ Tn such
that T = S−1AS ∈ Tn is tridiagonal.
Corollary 11. Suppose A ∈ Rn×n is a nonsingular sign regular matrix with signature  = (i) which
satisfies that
2 = (−1)21 , . . . , n−m = (−1)(n−m)/2n−m1 (m > 0).
Then there exists a nonsingular matrix S ∈ Tn such that M = S−1APSP is an anti-m-banded sign regular
matrix with signature .
It must be pointed out that if A is strictly sign regular with signature  and B is a nonsingular
sign regular matrix with signature ′, by using [1, Theorem 3.1], then AB is strictly sign regular with
signature ′. Next we present another factorization that can preserve sign structures.
Theorem 12. Suppose A ∈ Rn×n is a nonsingular sign regular matrix with signature  = (i) which
satisfies that
2 = 21 , 3 = 31 , . . . , n−m = n−m1 (m > 0).
Then there exists a nonsingular matrix S = diag (Im, S˜) such that M = S−1AS = (mij) is an m-
banded sign regular matrix with signature . Furthermore, if A is strictly sign regular, then mij = 0 for all|i − j| = m.
Proof. We first consider the case that A is strictly sign regular. According to the proof of Theorem 9,
there exists a unit lower triangular matrix L = diag(Im, L˜) ∈ Tn such that
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B = L−1AL = (bij)
is a nonsingular sign regularmatrixwith signature , where bij = 0 for all i− j > m. Since AL is strictly
sign regular with signature , it follows that for all 1  r  n − m,
det B[m + 1, . . . ,m + r|1, . . . , r] = ∑
ω∈Qr,n
detL−1[m + 1, . . . ,m + r|ω] det(AL)[ω|1, . . . , r]
= det(AL)[m + 1, . . . ,m + r|1, . . . , r] = 0.
Observe
bm+r,r = det B[m + 1, . . . ,m + r|1, . . . , r]
detB[m + 1, . . . ,m + r − 1|1, . . . , r − 1] , 2  r  n − m.
Hence, we conclude that bm+r,r = 0 for all 1  r  n − m.
Set C = BT = (cij). Then C is a nonsingular sign regular matrix with signature , where cij = 0 for
all j − i > m. So there exists a unit lower triangular matrix K = diag (Im, K˜) ∈ Tn such that
D = K−1CK = (dij)
is anm-banded sign regular matrix with signature . Moreover, dr,m+r = bm+r,r = 0 for all 1  r 
n−m. Next we show that dm+r,r = 0 for all 1  r  n−m. It is easy to see that for all 1  r  n−m,
r det D[m+1, . . .,m+r|1, . . ., r] = r
∑
ω∈Qr,n
detK−1[m+1, . . .,m+r|ω]det(CK)[ω|1, . . ., r]
= r det(CK)[m + 1, . . . ,m + r|1, . . . , r]
= ∑
ω∈Qr,n
rdetC[m + 1, . . . ,m + r|ω] det K[ω|1, . . . , r]
Notice that K ∈ Tn and C is sign regular with signature . Thus,
r det D[m + 1, . . . ,m + r|1, . . . , r] r det C[m + 1, . . . ,m + r|1, . . . , r]
= r det B[1, . . . , r|m + 1, . . . ,m + r]
= r
∑
ω∈Qr,n
detL−1[1, . . . , r|ω]
× det(AL)[ω|m + 1, . . . ,m + r]
= r det(AL)[1, . . . , r|m + 1, . . . ,m + r] > 0.
Observe
dm+r,r = det D[m + 1, . . . ,m + r|1, . . . , r]
detD[m + 1, . . . ,m + r − 1|1, . . . , r − 1] , 2  r  n − m.
Hence, we conclude that dm+r,r = 0 for all 1  r  n − m.
Set S = L(K−1)T = diag(Im, S˜). Therefore,
M = DT = S−1AS = (mij)
is anm-banded sign regular matrix with signature , wheremij = 0 for all |j − i| = m.
For the case that A is sign regular with signature , according to the argument above, it is easy to
see that the theorem is true. 
From Theorem 12, we immediately have the following results.
Corollary 13. Suppose A ∈ Rn×n is a nonsingular sign regular matrix with signature  = (i) which
satisfies that
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2 = 21 , 3 = 31 , . . . , n−1 = n−11 .
Then there exists a nonsingular matrix S = diag (1, S˜) such that T = S−1AS is a tridiagonal sign regular
matrix with signature . In particular, if A ∈ Tn is nonsingular, then there exists a nonsingular matrix
S = diag(1, S˜) such that T = S−1AS ∈ Tn is tridiagonal.
Corollary 14. Suppose A ∈ Rn×n is a nonsingular sign regular matrix with signature  = (i) which
satisfies that
2 = (−1)21 , . . . , n−m = (−1)(n−m)/2n−m1 (m > 0).
Then there exists a nonsingular matrix S = diag (Im, S˜) such that M = S−1APSP is an anti-m-banded sign
regular matrix with signature .
4. Interlacing properties and majorization relations
In this section, we present some eigenvalue interlacing properties and majorization relations for
certain sign regular matrices. In particular, some classic results from [1] are generalized. In the sequel,
we always assume that eigenvalues of A are arranged in decreasing order, i.e., λ1(A)  · · ·  λn(A) if
the eigenvalues of A are real. Set
Jn = diag (1,−1, . . . ,−1, (−1)n−2, (−1)n−1) ∈ Rn×n,
λ(A) = (λ1(A), . . . , λn(A)) and d(A) = (a11, . . . , ann). The following theorem shows that when the
principal submatrices lie in consecutive rows and columns situation, interlacing inequalities are valid
for certain sign regular matrices. To prove the theorem, we use a similar argument as presented in [8,
Theorem 2.1].
Theorem 15. Suppose A ∈ Rn×n is a sign regular matrix with signature  = (i) which satisfies that
2 = 21 , 3 = 31 , . . . , n−1 = n−11 .
Then for α ∈ Qk,n with any k ≤ n − 1 and d(α) = 0,
λi(A)  λi(A[α])  λi+n−k(A), for all i ∈ 〈k〉. (3)
Proof. Since every sign regular matrix can be approximated arbitrarily closely by strictly sign regular
matrices with the same signature [1, Theorem 2.7], by the standard continuity argument, we may
assume that A is strictly sign regular. Consider the case k = n − 1. By Theorem 12, there exists
S = diag (1, S˜) such that
T = S−1AS = (tij)
is a tridiagonal sign regular with signature , where tij = 0 for all |i − j| = 1. Thus, via a diagonal
similarity we may assume that T is symmetric.
(a) If α = (2, . . . , n), then T[α] = S˜−1A[α]S˜. Hence (3) is true for the case k = n − 1 by the
interlacing inequalities for real symmetric matrices.
(b) If α = (1, . . . , n − 1), then (3) is true for the case k = n − 1 by applying (a) to PAP.
Therefore, we arrive at (3) after (n − k) applications. 
Corollary 16 [1, Corollary 6.6]. If A ∈ Tn, then for α ∈ Qk,n with any k ≤ n − 1 and d(α) = 0,
λi(A)  λi(A[α])  λi+n−k(A), for all i ∈ 〈k〉.
Theorem 17. Suppose A ∈ Rn×n is totally nonpositive. If A(α) is nonsingular forα ∈ Qk,n with k  n−1
and d(α) = 0, then λ1(A/A(α))  λn−k(A) and
λi(A)  λi+1(A/A(α))  λi+n−k(A), for all i ∈ 〈k − 1〉.
R. Huang / Linear Algebra and its Applications 436 (2012) 1990–2000 1999
Proof. By a continuity argument, it suffices to prove the case that A ∈ Rn×n is a nonsingular totally
nonpositivematrix. According to [1, Corollary 6.6], if A is a sign regularmatrixwith signature  = (k),
then all its eigenvalues are real and
k
k−1
λ˜k(A) > 0, k = 1, 2, . . . , rank(A) with 0 = 1,
where the order of the λ˜(A) has no restriction. By our assumption, A ∈ Rn×n is a nonsingular totally
nonpositive matrix, i.e., k = −1 for all k, therefore for k = 1 we have
1
0
λ˜1(A) > 0 ⇒ −λ˜1(A) > 0 ⇒ λ˜1(A) < 0,
and thus it is obtained that
λ1(A)  · · ·  λn−1(A) > 0 > λn(A)
by considering the order of the λ(A). Set B = JnA−1Jn. Then
1
λn(A)
= λn(B) < 0, and 0 < 1
λi(A)
= λn−i(B) for all i ∈ 〈n − 1〉.
Observe
B[α] = (JnA−1Jn)[α] = (Jn[α])(A/A(α))−1(Jn[α])
where A/A(α) ∈ Tk by Lemma 2. Hence, it is easy to see that
0 <
1
λi(A/A(α))
= λk−i+1(B[α]), for all i ∈ 〈k〉.
Since
det B[α|β] = det(JnA−1Jn)[α|β] = det A(β|α)
det A
, for all t ∈ 〈n − 1〉 and α, β ∈ Qt,n,
it follows that B is a nonsingular sign regular matrix with signature (1, . . . , 1,−1). Thus, applying
Theorem 15 to B, we have that
0 < λk(B[α]) = 1
λ1(A/A(α))
 λk(B) = 1
λn−k(A)
,
and for all i ∈ 〈k − 1〉,
0 <
1
λi(A)
= λn−i(B)  λk−i(B[α]) = 1
λi+1(A/A(α))
 λk−i(B) = 1
λi+n−k(A)
.
So the theorem is proved. 
Given x ∈ Rn, we rearrange its components as x↓1  · · ·  x↓n . If x, y ∈ Rn, x is said to bemajorized
by y (denoted by x ≺ y) if
n∑
i=1
xi =
n∑
i=1
yi and
k∑
i=1
x
↓
i 
k∑
i=1
y
↓
i , k ∈ 〈n − 1〉.
The following result is obtained by applying a similar argument to the one used in [1, Theorem 6.7].
Theorem 18. Suppose A ∈ Rn×n is a sign regular matrix with signature  = (i) which satisfies that
2 = 21 , 3 = 31 , . . . , n−1 = n−11 .
Then d(A) ≺ λ(A).
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Proof. We use induction on the order n of A. The case n = 1 is trivial and assume that the result holds
for the orders less that n. Set B = A(n) and C = A(1). By the induction assumption, for k ∈ 〈n − 1〉,
k∑
i=1
d
↓
i (B) 
k∑
i=1
λi(B) and
n−1∑
i=k
d
↓
i (C) 
n−1∑
i=k
λi(C). (4)
Let a11 = d↓p (A) and ann = d↓q (A). Without loss of generality, let p < q. Then d↓i (B) = d↓i (A) for
i ∈ 〈p〉 and d↓i (C) = d↓i+1(A) for i = p, . . . , n − 1. By Theorem 15,
λi(B)  λi(A) and λi+1(A)  λi(C), for all i ∈ 〈n − 1〉.
Then it follows by (4) that
k∑
i=1
d
↓
i (A) =
k∑
i=1
d
↓
i (B) 
k∑
i=1
λi(B) 
k∑
i=1
λi(A), for k ∈ 〈p〉,
and
n∑
i=k+1
d
↓
i (A) =
n−1∑
i=k
d
↓
i (C) 
n−1∑
i=k
λi(C) 
n∑
i=k+1
λi(A), for k = p, . . . , n − 1.
Notice that
n∑
i=1
d
↓
i (A) =
n∑
i=1
λi(A). So d(A) ≺ λ(A). 
Corollary 19 [1, Theorem 6.7]. If A ∈ Tn, then d(A) ≺ λ(A).
Corollary 20. Suppose A = (aij) ∈ Rn×n is sign regular with signature  = (i) which satisfies that
2 = (−1)21 , . . . , n−1 = (−1)(n−1)/2n−11 .
Then t(A) := (ai,n−i+1) ≺ λ(AP).
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